An algebraic proof is presented for the finite strong standard completeness of involutive uninorm logic with fixed point. The result may provide a first step towards settling the open standard completeness problem for involutive uninorm logic posed in [12].
a first step toward this aim, we focus on odd FL e -chains, which is a subclass of involutive FL e -chains. Bounded odd FL e -chains constitute the algebraic semantics for the Involutive Uninorm Logic with Fixed Point (IUL f p ) [11] . Prominent examples of odd FL e -algebras are lattice-ordered abelian groups and odd Sugihara algebras. The former constitutes an algebraic semantics for Abelian Logic [13, 3, 14] while the latter constitutes an algebraic semantics for IUML * , which is a logic at the intersection of relevance logic and many-valued logic [6] .
In order to make a possible first step toward the settling the standard completeness problem for IUL, in this paper we prove the finite strong standard completeness of IUL f p , a somewhat simpler logic than IUL. The key ingredient in our proof is an embedding, which is based on a representation theorem for the class of odd FL e -chains which possess only finitely many positive idempotent elements, by means of linearly ordered abelian groups and a modified version of the lexicographic product construction [8] .
An FL e -algebra is a structure (X, ∧, ∨, * •, → * • , t, f ) such that (X, ∧, ∨) is a lattice, (X, ≤, * •, t) is a commutative, residuated 1 monoid, and f is an arbitrary constant. One defines x = x → * • f and calls an FL e -algebra involutive if (x ) = x holds. An FL e -algebra is called odd if it is involutive and t = f . Algebras will be denoted by bold capital letters, their underlying likewise by the same regular letter. Commutative residuated lattices are exactly the f -free reducts of FL e -algebras.
For an FL e -algebra X = (X, ∧, ∨, * •, → * • , t, f ), denote τ (x) = x → * • x for x ∈ X. Let X gr = {x ∈ X |x * • x = t}. If X is odd then there is a subalgebra X gr of X over X gr , call it the group part of X. Lemma 1 [8] Let X = (X, ∧, ∨, * •, → * • , t, f ) be an involutive FL e -algebra. The following statements hold true.
{τ (x) :
x ∈ X} is equal to the set of positive idempotent elements of X. 2. If X is an odd FL e -chain then the τ value of any expression, which contains only the operations * •, → * • and equals the maximum of the τ -values of its variables and constants.
Let (X, ≤) be a poset. For x ∈ X define
z if there exists a unique z ∈ X such that x covers z, x otherwise.
Define x ↑ dually. We say for Z ⊆ X that Z is discretely embedded into X if for
x ∈ Z it holds true that x / ∈ {x ↑ , x ↓ } ⊆ Z. Denote the lexicographic product by ← ×.
Definition 1 [8] Let X = (X, ∧ X , ∨ X , * , → * , t X , f X ) be an odd FL e -algebra and 
× Y, the type III partial lexicographic product of X, Z, V and Y be given by
where ≤ is the restriction of the lexicographical order of ≤ X and ≤ Y ∪{ ,⊥}
In the particular case when V = Z, we use the simpler notation
× Y and call it the type I partial lexicographic product of X, Z, and Y. B. Assume that X gr is discretely embedded into X. Add a new element to Y as a top element and annihilator. Let V ≤ X gr . Let
and let X V ← × Y, the type IV partial lexicographic product of X, V and Y be given by
where ≤ is the restriction of the lexicographical order of ≤ X and ≤ Y ∪{ } to X V ← × Y , * • is defined coordinatewise, and the operation → * • is given by (x 1 , y 1 ) → * • (x 2 , y 2 ) = ((x 1 , y 1 ) * • (x 2 , y 2 ) ) , where is defined by
(1)
In the particular case when V = X gr , we use the simpler notation X
× Y and call it the type II partial lexicographic product of X and Y.
Lemma 2 [8] Adapt the notation of Definition 1.
The following theorem asserts that up to isomorphism, any odd FL e -chain which has only finitely many positive idempotent elements can be built by iterating finitely many times the type III and type IV partial lexicographic product constructions using only linearly ordered abelian groups, as building blocks.
Theorem 1 [8] (Group representation) If X is an odd FL e -chain, which has only n ∈ N, n ≥ 1 positive idempotent elements then there exist linearly ordered abelian groups G i (i ∈ {1, 2, . . . , n}),
. . , n−1}), and a binary sequence ι ∈ {III, IV } {2,...,n} such that X X n , where X 1 := G 1 and for i ∈ {2, . . . , n},
Remark 1 Denote the one-element odd FL e -algebra by 1. For any bounded odd FL e -algebra X, in its group representation G 1 = 1, since all other linearly ordered groups are infinite and unbounded, and both type III and type IV constructions preserve boundedness of the first component.
A linearly ordered set (X, ≤) is called Dedekind complete if every non-empty subset of X bounded from above has a supremum. Lemma 3 ([2, Theorem 2.29] A linearly ordered set (K, ≤) is order isomorphic to R if and only if (K, ≤) possesses the following four properties: (K, ≤) has no least neither greatest element, (K, ≤) is densely ordered, there exists a countable dense subset of (K, ≤), and (K, ≤) is Dedekind complete.
For an introduction to the basic notions and basic results in the field of mathematical fuzzy logics, see [1] . For the definition of IUL the reader is referred to [11] . The logic IUL f p is defined as IUL extended by the following axiom: t ↔ f . A mathematical fuzzy logic L enjoys finite strong standard completeness if the following conditions are equivalent for each formula ϕ and each finite theory T : (i) T L ϕ. (ii) For each standard L-algebra 3 A and each A-model e of T , e is an A-model of ϕ. A possible way of proving finite strong standard completeness is to embed finitely generated L-algebras into standard L-algebras, which we shall do in Theorem 2.
IUL f p enjoys finite strong standard completeness
To show that Theorem 1 is applicable to our case, first we prove that each finitely generated odd FL e -chain possesses only finitely many positive idempotents.
Proposition 1 Any finitely generated odd FL e -chain has only finitely many positive idempotent elements.
Proof Since the order is total, {τ (x ∧ y), τ (x ∨ y)} ∈ {τ (x), τ (y)} holds. Therefore, using claim 2 in Lemma 1, an easy induction on the recursive structure of the formula that generates a given element x of the algebra shows that the τ -value of x coincides with the τ -value of one of its generators or constants. Therefore, all elements of the algebra share only finitely many τ -values, since the algebra is finitely generated. Claim 1 in Lemma 1 concludes the proof.
Proposition 2 Any odd FL e -chain which has finitely many positive idempotent elements is embeddable into an odd FL e -chain, which has the same number of positive idempotent elements, and which has a type I-II group representation.
Proof Let Y be an odd FL e -chain which has finitely many positive idempotent elements, and let a type III-IV group representation of Y be given, according to Theorem 1, that is,
We define
. . , n} and ι i = III
To see that X i is well-defined, we need to verify, according to Definition 1, that
Indeed, for i = 2, (X 1 ) gr is equal to G 1 and Z 1 ≤ G 1 holds by assumption.
For i > 2, by assumption,
Also by assumption, the latest is a subalgebra of
-In addition, we need to verify that for i ∈ {2, . . . , n}, if ι i = IV then (X i−1 ) gr is discretely embedded into X i−1 . If i = 2 then it holds by assumption that (
where x ↓ and x ↑ are computed in Y i−1 . It cannot be that case that G i−1 is trivial, since then for h ∈ V i−2 , (h, 1) ↑ = (h, ) would not be an element of
We claim that for i ∈ {1, . . . , n}, Y i ≤ X i holds. Indeed, the claim being straight-
Proposition 3 If Y is a finitely generated odd FL e -chain then all the groups in its group representation are finitely generated, too.
Proof Let Y be a finitely generated odd FL e -algebra, and consider its type III-IV group representation, as in the proof of Proposition 2. We start by observing that Y n is finitely generated, since so is Y. Since
and Y n−1 × { } is a subset of the universe of Y n in both cases, it follows that Y n−1 is finitely generated, too, so an easy downward induction shows that Y i is finitely generated for i ∈ {n, n − 1, . . . , 1}. In particular,
and Y 2 is finitely generated, and {t}×G 2 and Z 1 ×{t G2 } are subsets of the universe of Y 2 , it follows that G 2 and Z 1 are finitely generated, and so on. So an (upward) induction shows that
. . , n − 1}) are finitely generated.
Next we show that two (and thus also finitely many) consecutive type II extensions can be replaced by a single type II extension. More formally, we claim that Proposition 4 For any odd FL e -algebras A, B, C, it holds true that
that is, if the algebra on one side is well-defined then the algebra on the other side is well-defined, too, and the two algebras are isomorphic.
On the other hand,
Clearly, the unit elements are the same. Since the monoidal operation of a type II extension is defined coordinatewise, the respective monoidal operations coincide, too. Since both algebras are residuated and the monoidal operation uniquely determines its residual operation, it follows that the residual operations coincide, too, hence so do the residual complements. Finally, the left-hand side is well defined if and only if A gr is discretely embedded into A, and A gr × B gr is discretely embedded into (A gr × B) ∪ (A × { }). It cannot be the case that |B gr | = 1, since then for a ∈ A gr , (a, 1 B ) ∈ A gr × B gr but (a, 1 B ) ↑ = (a, ) / ∈ A gr × B gr . Therefore |B gr | = ∞, and hence, using that
is discretely embedded into B. Thus B ← × C and also the right-hand side is welldefined, too. On the other hand, the right-hand side is well-defined if and only if A gr is discretely embedded into A, and B gr is discretely embedded into B. But then clearly A gr × B gr is discretely embedded into (A gr × B) ∪ (A × { }), and hence the left-hand side is well-defined, too.
Next, we define three series of odd FL e -chains and state some basic properties of them.
Proposition 5 For j ≥ 1, the following statements hold true.
(c) Z j is countable, Z j has no least neither greatest element, Z j is Dedekind complete, (d) (Z j ) gr is discretely embedded into Z j , and for any x ∈ Z j \ (Z j ) gr and x = y ∈ Z j , there exists z ∈ (Z j ) gr such that z is strictly in between x and y.
Proof By using that Z j+1 (the universe of Z j+1 ) is equal to Z × (Z j ∪ { }), (1a) follow by an easy induction on j. (1b)-(1e) readily follow from (1a), (1e) follows from Proposition 4, too. By using that R j+1 (the universe of R j+1 ) is (Z × (R j ∪ { })) ∪ (R × {⊥}), (2a) follows by an easy induction on j. An easy induction on j also shows that R j has no least neither greatest element, R j is densely ordered, Q j is a countable dense subset of R j , and R j is Dedekind complete. These, by Lemma 3, conclude the proof of (2b). is well-defined and order isomorphic to R.
Note that since L is unbounded and L gr is discretely embedded into L, it follows that C gr = H × L gr is discretely embedded into C = (H × (L ∪ L )) ∪ (A × {⊥ L }). Thus D is well-defined. By definition,
D has no least neither greatest element, since partial lexicographic products clearly inherit the boundedness of their first component, and A has neither least nor greatest element.
We prove that D is densely ordered. Let x = (x 1 , x 2 , x 3 ), (y 1 , y 2 , y 3 ) ∈ D, x < y.
i. Assume x 1 < y 1 .
Then there exists z 1 ∈ A such that x 1 < z 1 < y 1 since A is order isomorphic to R, and hence A is densely ordered, hence (z 1 , ⊥ L , B ) is strictly in between x and y. ii. Next, assume x 1 = y 1 and x 2 < y 2 .
Since x 2 , y 2 ∈ L ∪ {⊥ L , L } and x 2 < y 2 excludes x 2 = L , it follows that
Then y 2 ∈ L∪{ L } follows from x 2 < y 2 , and we can choose c ∈ L such that c < y 2 since L is nonempty and has no least element; resulting in (x 1 , c, B ) being strictly in between x and y.
Then (x 2 ) ↑ ∈ L gr follows 4 since L gr is discretely embedded into L. In addition, x 2 < (x 2 ) ↑ ≤ y 2 holds. If (x 2 ) ↑ < y 2 then the element (x 1 , (x 2 ) ↑ , B ) ∈ D is strictly in between x and y, whereas if (x 2 ) ↑ = y 2 then y 2 ∈ L gr , too, and hence y 3 ∈ B ∪ { B } follows. Since B has no least element, we can choose c ∈ B such that c < y 3 . Hence (x 1 , (x 2 ) ↑ , c) is strictly in between x and y.
• If y 2 = L then, since L has no greatest element, there is an element c ∈ L such that x 2 < c < y 2 . • If y 2 ∈ L gr then since L gr is discretely embedded into L, it follows that L \ L gr x 2 = (y 2 ) ↓ ∈ L gr , hence letting c = (y 2 ) ↓ , x 2 < c < y 2 holds. • If y 2 ∈ L \ L gr then there is an element c ∈ L such that x 2 < c < y 2 since there exists no gap in L formed by two elements of L \ L gr . In all the three previous cases, the element (x 1 , c, B ) is strictly in between x and y, and we are done.
iii. Finally, assume x 1 = y 1 , x 2 = y 2 and x 3 < y 3 .
It follows that x 1 ∈ H, x 2 ∈ L gr , and x 3 ∈ B ∪ { B }. Since B is order isomorphic to R (and hence B is densely ordered and has no greatest element), it follows that B ∪{ B } is densely ordered, too, hence there is an element c ∈ L such that x 3 < c < y 3 , and thus the element (x 1 , x 2 , c) is strictly in between x and y.
Next we prove that D is Dedekind complete. Take any nonempty subset of V ⊆ D which has an upper bound
Then
is a subset of A, it is nonempty and bounded from above by b 1 . Since A is order isomorphic to R, and thus A is Dedekind complete, there exists the supremum m 1 of V 1 .
iii. Finally, assume that m 1 ∈ V 1 and m 1 ∈ H. Then Finally, let D and D 4 be countable dense subsets of A and B, respectively. Then, since H and L gr are countable, and L has a countable dense subset D L ,
is clearly a countable, dense subset of D. Proof Proposition 5 ensures all the properties of Z j which are required in Proposition 6.
Proposition 8 Let A and D be odd FL e -chains which are order isomorphic to R,
Then C is order isomorphic to R.
Proof By Definition 1, the universe of C is
-C has no least neither greatest element since A × {⊥} ⊆ C and A has no least neither greatest element.
-C is densely ordered. Indeed, let (p, q) < (r, s). If p < r then there exists an element v ∈]p, r[ since A is densely ordered, and thus (v, ⊥) ∈ C and (p, q) < (v, ⊥) < (r, s) holds. If and p = r then p ∈ H follows and hence there is an element v ∈]q, s[ such that (p, q) < (p, v) < (p, s) holds since D ∪ { , ⊥} is densely ordered.
-Let Q and Q 3 be countable dense subsets of A and D, respectively. It follows that
-Finally we prove that C is Dedekind complete. Take any nonempty subset of V ⊆ C which has an upper bound
Then V 1 ⊆ A is nonempty and bounded from above by b 1 . Since A is order isomorphic to R, and R is Dedekind complete, there exists the supremum
⊥} is nonempty and bounded from above by b 2 . Since D is Dedekind complete, so does D ∪ { , ⊥}, and hence V 2 has a supremum m 2 in D ∪ { , ⊥}, yielding that (m 1 , m 2 ) is the supremum of V .
Theorem 2
The logic IUL f p enjoys finite strong standard completeness.
Proof IUL fp -chains are non-trivial bounded odd FL e -chains. Knowing the fact that IUL fp -algebras constitute an algebraic semantics of IUL f p , we shall prove that any non-trivial finitely generated bounded odd FL e -chain embeds into a odd FL e -chain over the real unit interval [0, 1] such that its top element is mapped into 1 and its bottom element is mapped into 0. Thus we prove that any IUL f p formula which is falsified in a linearly ordered model of finitely many IUL f p formulas (which is always a finitely generated IUL fp -chain) can also be falsified in a standard odd FL e -algebra, that is, in one over [0, 1] .
To this end, let Y 1 be a non-trivial finitely generated bounded odd FL e -chain (thus it has at least three elements), and let Y be the subalgebra of Y 1 over its universe deprived its top and bottom elements. Then Y is a finitely generated (not necessarily bounded) odd FL e -chain.
Our plan is to embed Y, guided by its group representation, into a odd FL echain X * n over a universe which is order isomorphic to R. Then, using the order isomorphism together with an order isomorphism between R and ]0, 1[, we can carry over the structure of X * n into ]0, 1[, and finally we can add a top and a bottom element (as in item A in Definition 1) to get a odd FL e -chain over [0, 1], in which Y 1 embeds. 5 By Proposition 1, Y has finitely many (say, n ≥ 1) positive idempotent elements, therefore it has a type III-IV group representation by Theorem 1. By Proposition 2, there exists an odd FL e -chain X n such that X n has a type I-II group representation and Y ≤ X n .
By Proposition 3, all the groups G i i ∈ {1, . . . , n} in the group representation of Y (see (3) ) are finitely generated. Hence, by the fundamental theorem of finitely generated abelian groups, each such group is isomorphic to a direct sum of cyclic groups, and since totally ordered groups are torsion fee, therefore totally ordered finitely generated abelian groups are isomorphic to direct sums of finitely many Z's. So, for i ∈ {1, . . . , n}, G i ki i=1 Z holds for some k i ∈ N, where for k i = 0, G i is meant to be the one-element group. So G i is countable, and unless G i is the one-element group, G i is discretely ordered. The isomorphism naturally extends to an isomorphism between odd FL e -chains. Referring to claims (1b) and (2a) in Proposition 5, for i ∈ {1, . . . , n}, qua odd FL e -chains,
Now, we are ready to define the embedding of X n into X * n , where X * n is order isomorphic to R, as follows: For i ∈ {1, . . . , n} let
. . , n}, ι i = III, and either ι i+1 = III or i = n
. . , n}, ι i = IV and either ι i+1 = III or i = n .
(7) We claim that for i ∈ {1, . . . , n}, X i embeds into X * i , and that X * n is order isomorphic to R; thus concluding the proof of the theorem.
(i) To see that X * i is well-defined, we need to prove the following two items. for i ∈ {2, . . . , n}, Z i−1 ⊆ (X * i−1 ) gr holds. Indeed, Z 1 ⊆ G 1 ⊆ (X * 1 ) gr holds by Proposition 2, and (7) and (6) . By Proposition 2 it holds true, for 3 ≤ i ≤ n,
which is a subset of (X * i−1 ) gr by (6) and (7) .
-If i ∈ {2, . . . , n}, ι i = IV then (X * i−1 ) gr is discretely embedded into X * i−1 . Indeed, if ι 2 = IV then X * 1 = Z k1 , (Z k1 ) gr G i holds by (6) , and G i is discretely embedded into Z k1 , as shown in claim (1d) of Proposition 5. If, for 3 ≤ i ≤ n, ι i = IV then by (7) ,
Hence (X * i−1 ) gr , which is equal to either
(ii) We prove that for i ∈ {1, . . . , n}, X i embeds into X * i . It holds for i = 1 by (6) . Assume that for i ∈ {2, . . . , n}, X i−1 embeds into X * i−1 . If X * i is equal to either
× R ki (see the third and fourth rows of (7)) then (7)) then X i = X i−1 Zi−1 ← ← × G i embeds into X * i by (6) .
(iii) We prove that for i ∈ {2, . . . , n}, (X * i−1 ) gr is countable if ι i = IV . Note that because of Proposition 4, the fifth row of (7) , and claim (1e) in Proposition 5, we may safely assume that there are no two consecutive type II extensions in (7) , so the fifth row of (7) never applies.
Just like in point (i) above, (X * 1 ) gr = G 1 if ι 2 = IV and hence it is countable since G 1 is finitely generated, and if 3 ≤ i ≤ n and ι i = IV then (X * i−1 ) gr is
In the latter case we proceed as follows: By (8), X * i−1 is the result of a type I extension and is equal to X * i−2 Zi−2 ← ← × Z ki−1 or it is equal to Z k1 . Hence, (X * i−1 ) gr is either Z i−2 ← × Z ki−1 or G 1 . In both cases (X * i−1 ) gr is countable, since G i , Z i−2 are finitely generated, thus countable, and by claim (1c) in Proposition 5, Z ki−1 is countable.
(iv) Finally, we prove that for m ∈ M = {i ∈ {1, . . . , n − 1} | ι i+1 = III} ∪ {n}, X * m is order-isomorphic to R. Indeed, it is clear that for i ∈ {1, . . . , n}, X * i has no least neither greatest element since neither R k1 nor Z k1 has least or greatest element, and this property is clearly inherited via type I and type II extensions.
Let m be the least element of M = ∅. Because of (8), either m = 1 or m = 2 holds. If m = 1 then ι 2 = III and hence X * 1 = R k1 , so the statement follows from claim (2b) in Proposition 5. If m = 2 then ι 3 = III and ι 2 = IV , hence X * 1 = Z k1 and X * 2 = Z k1 ← × R k2 , where (Z k1 ) gr = G 1 . Its universe, W = (Z k1 × { }) ∪ (G 1 × R k1 ), is clearly densely ordered, and (Z k1 × { }) ∪ (G 1 × Q k1 ) is a countable and dense subset of it. Take any subset of V ⊆ W which has an upper bound (b 1 , b 2 ) ∈ W . Let V 1 = {v 1 | (v 1 , v 2 ) ∈ V }. Then V 1 ⊆ Z k1 is nonempty and bounded from above by b 1 . Since Z k1 is Dedekind complete, there exists the supremum m 1 of V 1 . If m 1 / ∈ G 1 then (m 1 , ) ∈ W is the supremum of V . If m 1 ∈ G 1 then m 1 ∈ V 1 holds, too, since G 1 is discretely embedded into Z k1 . Then V 2 := {v 2 | (m 1 , v 2 ) ∈ V } ⊆ R k1 ∪{ } is nonempty and bounded from above by b 2 . Since R k1 is Dedekind complete, there exists the supremum m 2 of V 2 in R k1 ∪ { }, and clearly, (m 1 , m 2 ) is in W and it is the supremum of V . Summing up, X * 2 is Dedekind complete, so we are done with the basic step of the induction.
Induction hypothesis: Assume that for m ∈ M \ {n}, X * m is order-isomorphic to R, and let r = min{i ∈ M | i > m} be the next element of M . Because of (8), either r = m + 1 or r = m + 2 hold. If r = m + 1 then either ι m+2 = III or m + 2 = n. Since m ∈ M \ {n}, therefore ι m+1 = III holds, and hence the third row of (7) applies, yielding X * r = (X * m ) Hm,1 ← ← × R kr . An application of Proposition 8 yields that X * r is order isomorphic to R. If r = m + 2 then ι m+1 = III, ι m+2 = IV , and either ι m+3 = III or m + 3 = n. Therefore, by the fourth row of (7), X * m+1 = (X * m ) Hm,1 ← ← × Z kr and by the last row of (7), X * m+2 = X * m+1 ← × R km 2 ; thus Proposition 7 ensures that X * r is order isomorphic to R.
